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Abstract
Reactive Search Optimization (RSO) advocates the integration of sub-symbolic
machine learning techniques into search heuristics for solving complex optimization problems. The word reactive hints at a ready response to events during the
search through an internal online feedback loop for the self-tuning of critical parameters. Methodologies of interest include prohibition-based methods, reactions
on the neighborhood, the annealing schedule or the objective function, and reactions in population-based methods. This chapter describes different strategies
that have been introduced in the literature as well as several applications to classic
combinatorial tasks, continuous optimization and real-world problems.

1

Introduction

The ﬁnal purpose of Reactive Search Optimization (RSO) is to simplify the life for
the ﬁnal user of optimization. While researchers enjoy designing algorithms, testing
alternatives, tuning parameters and choosing solution schemes —in fact this is part of
their daily life— the ﬁnal users’ interests are different: solving a problem in the most
effective way without requiring a costly adaptation and learning curve.
Reactive Search Optimization has to do with learning for optimizing, with the insertion of a machine learning component into a solution process so that algorithm selection, adaptation, integration, are done in an automated way, and a comprehensive
solution is delivered to the ﬁnal user. The interaction with the ﬁnal user is simpliﬁed
and made human: no complex technical questions are asked about parameters, but the
focus is kept on the problem’s detailed characteristics and user preferences. In fact,
the user wants to maintain control of the problem deﬁnition, including hard and soft
constraints, preferences, weights. This is the part which cannot be automated, while
the user is happy to delegate issues related to algorithm choices and tuning.
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Apart from the above concrete issues related to the ﬁnal user, Reactive Search Optimization also addresses a scientiﬁc issue related to the reproducibility of results and
to the objective evaluation of methods. In fact, if an intelligent user is actively in the
loop between a parametric algorithm and the solution of a problem, judging about an
algorithm in isolation from its user — in some cases its creator — becomes difﬁcult
if not impossible. Are the obtained results a merit of the algorithm or a merit of its
intelligent user? In some cases, the latter holds, which explains why even some naı̈ve
and simplistic techniques can obtain results of interest if adopted by a motivated person, not to say by a researcher in love with his pet algorithm and under pressure to get
something published.
Now that the long-term vision is given, we can provide a more detailed deﬁnition.
Reactive Search Optimization (RSO) advocates the integration of machine learning techniques into search heuristics for solving complex
optimization problems. The word reactive hints at a ready response
to events while alternative solutions are tested, through an internal
online feedback loop for the self-tuning of critical parameters. Its
strength lies in the introduction of high-level skills often associated to
the human brain, such as learning from the past experience, learning
on the job, rapid analysis of alternatives, ability to cope with incomplete information, quick adaptation to new situations and events.
If one considers the dictionary deﬁnition of reactive, the “ready response to some
treatment, situation, or stimulus” is the part of interest to us. The contrary in our context
is: inactive, inert, unresponsive. For sure, its contrary is not proactive! In fact, when
the level of automation increases, the ﬁnal user wins, but the work becomes much more
challenging for the researcher: he has to be fully proactive to anticipate the different
adaptation needs of a Reactive Search Optimization algorithm.
Before dwelling on the technical details, we brieﬂy mention some relevant characteristics of Reactive Search Optimization when applied in the context of local-search
based processes.
• Learning on the job. Real-world problems have a rich structure. While many
alternative solutions are tested in the exploration of a search space, patterns and
regularities appear. The human brain quickly learns and drives future decisions
based on previous observations. This is the main inspiration source for inserting
online machine learning techniques into the optimization engine of RSO.
• Rapid generation and analysis of many alternatives. Often, to solve a problem
one searches among a large number of alternatives, each requiring the analysis
of what-if scenarios. The search speed is improved if alternatives are generated
in a strategic manner, so that different solutions are chained along a trajectory in
the search space exploring wide areas and rapidly exploiting the most promising
solutions.
• Flexible decision support. Crucial decisions depend on several factors and priorities which are not always easy to describe before starting the solution process.
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Feedback from the user in the preliminary exploration phase can be incorporated
so that a better tuning of the ﬁnal solutions takes the end user preferences into
account.
• Diversity of solutions. The ﬁnal decision is up to the user, not the machine.
The reason is that not all qualitative factors of a problem can be encoded into
a computer program. Having a set of diverse near-best alternatives is often a
crucial asset for the decision maker.
• Anytime solutions. The user decides when to stop searching. A ﬁrst complete
solution is generated rapidly, then better and better ones are produced in the
following search phases. The more the program runs, the higher the probability
to identify excellent solutions.
Methodologies of interest for Reactive Search Optimization include machine learning and statistics, in particular neural networks, artiﬁcial intelligence, reinforcement
learning, active or query learning.
When one considers the source of information that is used for the algorithm selection and tuning process, it is important to stress that there are at least three different
alternatives:
1. Problem-dependent information. This is related to characteristics of the speciﬁc problem. For example, a local search scheme for the Traveling Salesman
Problem needs a different neighborhood deﬁnition than a network partitioning
problem.
2. Task-dependent information. A single problem consists of a set of instances or
tasks with characteristics which can be radically different. For example, a Traveling Salesman task for delivering pizza among a set locations in Los Angeles
can be very different from a pizza delivery task in Trento, a small and pleasant
town in the Alps.
3. Local properties in conﬁguration space. When one considers a local search
scheme based on perturbation, one builds a trajectory in conﬁguration space
given by successive sample points generated by selecting and applying the local moves. In poetic terms, one travels along a ﬁtness surface with peaks and
valleys which can vary a lot during the trip. For example, the size and depth of
the attractors around local minimizers can vary from a reasonably ﬂat surface,
to one characterized by deep wells. If a scheme for escaping local minimizers is
adapted also to the local characteristics, better results can be expected.
Now, the ﬁrst alternative is the typical source of information for off-line algorithm
selection and parameter tuning, while the last two are the starting point for the on-line
schemes of RSO, where parameters are dynamically tuned based on the current optimization state and previous history of the search process while working on a speciﬁc
instance.
These methods can be applied to any optimization scenario and can be seen as a
subset of a more extended area of research called Learning and Intelligent OptimizatioN (LION). This includes online and off-line schemes based on the use of memory,
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adaptation, incremental development of models, experimental algorithmics applied to
intelligent tuning and design of optimization algorithms.
Within LION, the RSO approach of learning on the job is orthogonal to off-line parameter tuning. For example, in [81, 82] methods are proposed to predict per-instance
and per-parameter run-times with reasonable accuracy. These predictive models are
then used to predict which parameter settings result in the lowest run-time for a given
instance, thus automatically tuning the parameter values of a stochastic local search
(SLS) algorithm on a per-instance basis by simply picking the parameter conﬁguration
that is predicted to yield the lowest run-time. An iterated local search (ILS) algorithm
for the algorithm conﬁguration problem is proposed in [83]. The approach works for
both deterministic and randomized algorithms, and it can be applied regardless of the
tuning scenario and optimization objective.
On-line and off-line strategies are complementary: in fact, even RSO methods tend
to have a number of parameters that remain ﬁxed during the search and can hence be
tuned by off-line approaches.
The remainder of this chapter is organized as follows. First the different opportunities for RSO strategies are listed and brieﬂy commented. Section 2 describes different RSO schemes that have been introduced in the literature. A much more extended
presentation can be found in [7, 10]. Then sample applications of Reactive Search
Optimization principles are illustrated in Section 3.

2

Different reaction possibilities

Several superﬁcially different techniques for diversifying the search in a responsive
manner, according to the RSO principles of learning while optimizing, have design
principles that are strongly related. The unifying principle is that of using online reactive learning schemes to increase the robustness and to permit more hands-off usage of
software for optimization.
For brevity we concentrate this review chapter on reactive techniques applied to
single local search streams. However, other possible strategies include methods related
to using more than one search stream, a.k.a. population-based methods, genetic algorithms and evolutionary techniques, and they are brieﬂy mentioned at the end of this
section.

2.1

Reactive prohibitions

It is part of common sense that the discovery of radically new solutions, which is
associated with real creativity, demands departing from the usual way of doing things,
avoiding known solutions. The popular concepts of “lateral thinking” and “thinking
outside the box” are related to shifting the point of view, observing an old problem
with new eyes, discarding pet hypotheses.
It is not surprising to see ideas related to using “prohibitions” to encourage diversiﬁcation and exploration (the technical terms for true creativity in the context of
optimization heuristics) in different contexts and different times. For example, they
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can be found in the denial strategy of [121]: once common features are detected in
many suboptimal solutions, they are forbidden.
The full blossoming of “intelligent prohibition-based heuristics” starting from the
late eighties is greatly due to the role of F. Glover in the proposal and diffusion of a rich
variety of meta-heuristic tools under the umbrella of Tabu Search (TS) [69, 70], but see
also [74] for an independent seminal paper. It is evident that Glover’s ideas have been
a source of inspiration for many approaches based on the intelligent use of memory in
heuristics.
The main competitive advantage of TS with respect to alternative heuristics based
on local search like Simulated Annealing (SA) lies in the intelligent use of the past
history of the search to inﬂuence its future steps. Because TS includes now a wide
variety of methods, we prefer the term prohibition-based search when the investigation
is focused on the use of prohibition to encourage diversiﬁcation.
Let us assume that the feasible search space is the set of binary strings with a given
length L: X = {0, 1}L . X (t) is the current conﬁguration and N(X (t) ) the set of its
neighbors, i.e., conﬁgurations that can be explored in the following step (Sec. 2.2 is
mainly focused on neighborhoods). In prohibition-based search some of the neighbors
are prohibited, and a subset NA (X (t) ) ⊂ N(X (t) ) contains the allowed ones. The general
way of generating the search trajectory is given by:
X (t+1)
NA (X

(t+1)

)

=
=

B EST-N EIGHBOR( NA (X (t) ) )
A LLOW(N(X

(t+1)

), X

(0)

,...,X

(1)
(t+1)

)

(2)

The set-valued function A LLOW selects a subset of N(X (t+1) ) in a manner that depends
on the entire search trajectory X (0) , . . . , X (t+1) .
By analogy with the concept of abstract data type in Computer Science [2], and
with the related object-oriented software engineering framework [49], it is useful to
separate the abstract concepts and operations of TS from the detailed implementation,
i.e., realization with speciﬁc data structures. In other words, policies (that determine
which trajectory is generated in the search space, what the balance of intensiﬁcation
and diversiﬁcation is, etc.) should be separated from mechanisms that determine how a
speciﬁc policy is realized.
A ﬁrst classiﬁcation is between strict-TS policies, which prohibit only the moves leading back to previously visited conﬁgurations, and ﬁxed-TS policies, which prohibit
only the inverse of moves which have been applied recently in the search, their recency
being judged according to a prohibition parameter T , also called tabu tenure.
Let µ −1 denote the inverse of a move. For example, if µi is changing the i-th bit
of a binary string from 0 to 1, µi −1 changes the same bit from 1 to 0. A neighbor is
allowed if and only if it is obtained from the current point by applying a move such that
its inverse has not been used during the last T iterations. In detail, if L AST U SED(µ) is
the last usage time of move µ (L AST U SED(µ) = −∞ at the beginning):
NA (X (t) ) = {X = µ ◦ X (t) s. t. L AST U SED(µ −1 ) < (t − T )}

(3)

If T changes with the iteration counter depending on the search status, and in this
case the notation is T (t) , the general dynamical system that generates the search trajec5
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tory comprises an additional evolution equation for T (t) :
T (t)
(t)

NA (X )
X

(t+1)

=

R EACT(T (t−1) , X (0) , . . . , X (t) )

=

{X = µ ◦ X

=

(t)

s. t. L AST U SED(µ

(4)
−1

(t)

B EST-N EIGHBOR(NA (X ))

(t)

) < (t − T )}

(5)
(6)

Rules to determine the prohibition parameter by reacting to the repetition of previouslyvisited conﬁgurations have been proposed in [21] (reactive-TS, RTS for short). In addition, there are situations where the single reactive mechanism on T is not sufﬁcient
to avoid long cycles in the search trajectory and therefore a second reaction is needed
[21].
The prohibition parameter T used in equation (3) is related to the amount of diversiﬁcation: the larger T , the longer the distance that the search trajectory must go before
it is allowed to come back to a previously visited point. In particular, the following relationships between prohibition and diversiﬁcation are demonstrated in [6] for a search
space consisting of binary strings with basic moves ﬂipping individual bits:
• The Hamming distance H between a starting point and successive points along
the trajectory is strictly increasing for T + 1 steps.
H(X (t+Δt) , X (t) ) = Δt for Δt ≤ T + 1
• The minimum repetition interval R along the trajectory is 2(T + 1).
X (t+R) = X (t) ⇒ R ≥ 2(T + 1)
In general, because a larger prohibition value implies a more limited choice of
moves, it makes sense to set T to the smallest value that guarantees a sufﬁcient degree
of diversiﬁcation.
In reactive-TS [21] the prohibition T is determined through feedback (i.e., reactive) mechanisms during the search. T is equal to one at the beginning (the inverse
of a given move is prohibited only at the next step), it increases only when there is
evidence that diversiﬁcation is needed, it decreases when this evidence disappears. The
evidence that diversiﬁcation is needed is signaled by the repetition of previously visited
conﬁgurations. This criterion needs to be generalized when the search space dimension
becomes very large, so that the exact repetition of conﬁgurations can become very rare
even if the trajectory is conﬁned. In this case, one can monitor an appropriate distance
measure from a given starting conﬁguration. An insufﬁcient growth of the distance
as a function of the number of steps can be taken as evidence of conﬁnement, see for
example [15].
A more radical escape mechanism can be triggered when the basic prohibition
mechanism is not sufﬁcient to guarantee diversiﬁcation. In [21] the escape (a number
of random steps) is triggered when too many conﬁgurations are repeated too often.
Further details about applications, implementation and data structures can be found
in [10].
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A reactive determination of the T value can change the process of escaping from
a local minimum in a qualitative manner: one obtains an (optimistic) logarithmic increase in the strict-TS policy, and a (pessimistic) increase that behaves like the square
root of the number of iterations in the reactive case [10].
Robust stochastic algorithms related to the previously described deterministic versions can be obtained in many ways. For example, prohibition rules can be substituted with probabilistic generation-acceptance rules with large probability for allowed
moves, small for prohibited ones, see for example the probabilistic-TS [69]. Asymptotic results for TS can be obtained in probabilistic TS [55]. In a different proposal
(robust-TS) the prohibition parameter is randomly changed between an upper and a
lower bound during the search [122].
Finally, other possibilities which are softer than prohibitions exist. For example,
in the context of boolean satisﬁability problems (see Section 2.4), the HSAT [68] variation of the GSAT algorithm introduces a tie-breaking rule: if more than one move
produces the same (best) Δ f , the preferred move is the one that has not been applied
for the longest span. This can be seen as a “soft” version of Tabu Search: while TS
prohibits recently-applied moves, HSAT discourages recent moves if the same Δ f can
be obtained with moves that have been “inactive” for a longer time.

2.2

Reacting on the neighborhood

Local search based on perturbing a candidate solution is a ﬁrst paradigmatic case where
simple online adaptation and learning strategies can be applied. Let X be the search
space, X (t) the current solution at iteration (“time”) t and N(X (t) ) the neighborhood
of point X (t) , obtained by applying a set of basic moves µ0 , µ1 , . . . , µM to the current
conﬁguration:
N(X (t) ) = {X ∈ X s.t. X = µi (X (t) ), i = 0, . . . , M}
Local search starts from an admissible conﬁguration X (0) and builds a search trajectory X (0) , . . . , X (t+1) . The successor of the current point is a point in the neighborhood with a lower value of the function f to be minimized. If no neighbor has this
property, i.e., if the conﬁguration is a local minimizer, the search stops.
Y

←

X (t+1)

=

I MPROVING -N EIGHBOR( N(X (t) ) )
�
Y
if f (Y ) < f (X (t) )
(t)
otherwise (search stops)
X

(7)
(8)

I MPROVING -N EIGHBOR returns an improving element in the neighborhood. In a simple case this is the element with the lowest f value, but other possibilities exist, as we
will see in what follows.
Online learning strategies can be applied in two contexts: selection of the neighbor
or selection of the neighborhood. While these strategies are part of the standard bag
of tools, they in fact can be seen as simple forms of reaction to the recent history of
evaluations.
7
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1.
2.
3.
4.
5.
6.
7.
8.
9.

function VariableNeighborhoodDescent (N1 , . . . , Nkmax )
repeat until no improvement or max CPU time elapsed
k ← 1 // index of the default neighborhood
while k ≤ kmax :
X � ← BestNeighbor (Nk (X)) // neighborhood exploration
if f (X � ) < f (X)
X ← X � ; k ← 1 // success: back to default neighborhood
else
k ← k + 1 // try with the following neighborhood

Figure 1: The VND routine. Neighborhoods with higher numbers are considered only
if the default neighborhood fails and only until an improving move is identiﬁed. X is
the current point.
When the neighborhood is ﬁxed, one can modify the unresponsive strategy which
considers all neighbors before selecting one of the best moves (best-improvement local
search) and obtain a very simple reactive strategy like F IRST M OVE. F IRST M OVE accepts the ﬁrst improving neighbor if one is found before examining all candidates. The
simple adaptation is clear: the exact number of neighbors evaluated before deciding
the next move depends not only on the instance but on the particular local properties in
the conﬁguration space around the current point. On the average, less neighbors will
need to be evaluated at the beginning of the search, when ﬁnding an improving move is
simple, more neighbors when the trajectory goes deeper and deeper into a given local
minimum attractor.
When the neighborhood is changed depending on the local conﬁguration one obtains for example the Variable Neighborhood Search (VNS) [73]. VNS considers a set
of neighborhoods, deﬁned a priori at the beginning of the search, and then uses the
most appropriate one during the search.
Variable Neighborhood Descent (VND) [75], see Fig. 1, uses the default neighborhood ﬁrst, and the ones with a higher number only if the default neighborhood fails
(i.e., the current point is a local minimum for N1 ), and only until an improving move is
identiﬁed, after which it reverts back to N1 . When VND is coupled with an ordering of
the neighborhoods according to the strength of the perturbation, one realizes the principle use the minimum strength perturbation leading to an improved solution, which is
present also in more advanced RSO methods. The consideration of neighborhoods of
increasing diameter (distance of its members w.r.t. the starting conﬁguration) can be
considered as a form of diversiﬁcation. A strong similarity with the design principle of
Reactive Tabu Search is present, see later in this chapter, where diversiﬁcation through
prohibitions is activated when there is evidence of entrapment in an attraction basin
and gradually reduced when there is evidence that a new basin has been discovered.
An explicitly reactive-VNS is considered in [30] for the Vehicle Routing Problem
with Time Windows (VRPTW), where a construction heuristic is combined with VND
using ﬁrst-improvement local search. Furthermore, the objective function used by the
local search operators is modiﬁed to consider the waiting time to escape from a local
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minimum. A preliminary investigation about a self-adaptive neighborhood ordering for
VND is presented in [79]. The different neighborhoods are ranked according to their
observed beneﬁts in the past.
We also note some similarities between VNS and the adaptation of the search region
in stochastic search techniques for continuous optimization, see the discussion later in
this chapter. Neighborhood adaptation in the continuous case, see for example the
Afﬁne Shaker algorithm in [20], is mainly considered to speed-up convergence to a
local minimizer, not to jump to nearby valleys.
A related approach that causes a more radical move when simple ones are not sufﬁcient to escape from a local minimum is iterated local search (ILS). ILS is based on
building a sequence of locally optimal solutions by perturbing the current local minimum and applying local search after starting from the modiﬁed solution. An application of this technique to biclustering of gene expression data is proposed in [126]. The
problem consists in identifying the largest network of collaborating genes and a subset
of experimental conditions which activate the speciﬁc network under the constraint that
the lack of coherence of the network (the residue) is below a threshold. This cannot
be done by using traditional clustering methods because one cannot use normal geometric similarities. Signiﬁcantly better results are achieved by repeating local search
on a pool of biclusters, where each move deﬁnes a new tentative solution by replacing,
deleting and adding a subset of nodes to the current conﬁguration. The main idea is
that while one keeps the volume of a bicluster ﬁxed, the local search tries to reduce the
residue, and when the residue is below the required threshold, one tries to increase the
volume. The work about large-step Markov chain of [96, 97, 98, 127] also contains
very interesting results coupled with a clear description of the principles.
In VNS minimal perturbations maintain the trajectory in the starting attraction
basin, while excessive ones bring the method closer to a random sampling, therefore
loosing the boost which can be obtained by the problem structural properties. A possible solution consists of perturbing by a short random walk whose length is adapted by
statistically monitoring the progress in the search. Memory and reactive learning can
be used in a way similar to [15] to adapt the strength of the perturbation to the local
characteristics in the neighborhood of the current solution for the considered instance.
Creative perturbations can be obtained by temporarily changing the objective function
with penalties so that the current local minimum is displaced, like in [26, 45], see
also the later description about reactively changing the objective function, or by ﬁxing
some conﬁguration variables and optimizing sub-parts of the problem [93]. Incremental neighborhood evaluation and ﬁrst-improving strategies have also been recently used
to accelerate stochastic local search for training neural networks [33, 35]. In these papers, a Binary Learning Machine (BLM) is proposed that uses the Gray encoding of
each weight and acts by changing individual bits and by picking improving moves.

2.3

Reacting on the annealing schedule

A widely popular stochastic local search technique is the Simulated Annealing (SA)
method [90] based on the theory of Markov processes. The trajectory is built in a
randomized manner: the successor of the current point is chosen stochastically, with a
probability that depends only on the difference in f value w.r.t. the current point and
9
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not on the previous history.
Y
X (t+1)

R ANDOM -N EIGHBOR( N(X (t) ) )


if f (Y ) ≤ f (X (t) )
Y
(t)
←
Y
if f (Y ) > f (X (t) ), with probability p = e−( f (Y )− f (X ))/T (9)

 (t)
X
if f (Y ) > f (X (t) ), with probability (1 − p).
←

SA introduces a temperature parameter T which determines the probability that
worsening moves are accepted: a larger T implies that more worsening moves tend
to be accepted, and therefore a larger diversiﬁcation occurs. An analogy with energyminimization principles in physics is present, and this explains the “temperature term”,
as well as the term “energy” to refer to the function f .
If the local conﬁguration is close to a local minimizer and the temperature is already
very small in comparison to the upward jump which has to be executed to escape from
the attractor, the system will eventually escape, but an enormous number of iterations
can be spent around the attractor. The memory-less property (current move depending only on the current state, not on the previous history) makes SA look like a dumb
animal indeed. It is intuitive that a better performance can be obtained by using memory, by self-analyzing the evolution of the search, by developing simple models and by
activating more direct escape strategies aiming at a better usage of the computational
resources devoted to optimization.
Even if a vanilla version of a cooling schedule for SA is adopted (starting temperature Tstart , geometric cooling schedule Tt+1 = α Tt , with α < 1, ﬁnal temperature
Tend ), a sensible choice has to be made for the three involved parameters Tstart , α, and
Tend . The work [131] suggests to estimate the distribution of f values. The standard
deviation of the energy distribution deﬁnes the maximum-temperature scale, while the
minimum change in energy deﬁnes the minimum-temperature scale. These temperature scales tell us where to begin and end an annealing schedule.
The analogy with physics is further pursued in [91], where concepts related to
phase transitions and speciﬁc heat are used. The idea is that a phase transition is
related to solving a sub-part of a problem. After a phase transition corresponding to
a big reconﬁguration occurs, ﬁner details in the solution have to be ﬁxed, and this
requires a slower decrease of the temperature.
When the parameters Tstart and α are ﬁxed a priori, the useful span of CPU time is
practically limited. After the initial period the temperature will be so low that the system freezes and, with large probability, no tentative moves will be accepted anymore in
the remaining CPU time of the run. For a new instance, guessing appropriate parameter values is difﬁcult. Furthermore, in many cases one would like to use an anytime
algorithm, so that longer allocated CPU times are related to possibly better and better
values until the user decides to stop. Non-monotonic cooling schedules are a reactive
solution to this difﬁculty, see [1, 46, 108]. The work in [46] suggests to reset the temperature once and for all at a constant temperature high enough to escape local minima
but also low enough to visit them, for example, at the temperature Tfound at which the
best heuristic solution was found in a preliminary SA simulation.
10
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A non-monotonic schedule aims at: exploiting an attraction basin rapidly by decreasing the temperature so that the system can settle down close to the local minimizer, increasing the temperature to diversify the solution and visit other attraction
basins, decreasing again after reaching a different basin. The implementation details
have to do with identifying an entrapment situation, for example when no move is accepted after a sequence tmax of tentative changes, and with determining the detailed
temperature decrease-increase evolution as a function of events occurring during the
search [1, 108]. Enhanced versions involve a learning process to choose a proper value
of the heating factor depending on the system state. We note that similar “strategic oscillations” have been proposed in tabu search, in particular in the reactive tabu search
of [21], see later in this chapter, and in variable neighborhood search.
Modiﬁcations departing from the exponential acceptance rule and other adaptive
stochastic local search methods for combinatorial optimization are considered in [103,
104]. The authors appropriately note that the optimal choices of algorithm parameters
depend not only on the problem but also on the particular instance and that a proof
of convergence to a globally optimum is not a selling point for a speciﬁc heuristic: in
fact a simple random sampling, or even exhaustive enumeration (if the set of conﬁgurations is ﬁnite) will eventually ﬁnd the optimal solution, although they are not the best
algorithms to suggest. A simple adaptive technique is suggested in [104]: a perturbation leading to a worsening solution is accepted if and only if a ﬁxed number of trials
could not ﬁnd an improving perturbation. The temperature parameter is eliminated.
The positive performance of the method in the area of design automation suggests that
the success of SA is “due largely to its acceptance of bad perturbations to escape from
local minima rather than to some mystical connection between combinatorial problems
and the annealing of metals.”
“Cybernetic” optimization is proposed in [60] as a way to use probabilistic information for feedback during a run of SA. The idea is to consider more runs of SA that
are executed in parallel to intensify the search (by lowering the temperature parameter)
when there is evidence that the search is converging to the optimum value.
The application of SA to continuous optimization (optimization of functions deﬁned on real variables) was pioneered by [48]. The basic method is to generate a new
point with a random step along a direction eh , to evaluate the function and to accept
the move with the exponential acceptance rule. One cycles over the different directions
eh during successive steps of the algorithm. A ﬁrst critical choice has to do with the
range of the random step along the chosen direction. A ﬁxed choice obviously may be
very inefﬁcient: this opens a ﬁrst possibility for learning from the local f surface. In
particular a new trial point x� is obtained from the current point x as:
x� = x + RAND(−1, 1)vh eh
where RAND(−1, 1) returns a random number uniformly distributed between -1 and 1,
eh is the unit-length vector representing the direction h, and vh is the step-range parameter in dimension h. The vh value is adapted during the search to maintain the number
of accepted moves at about one-half of the total number of tried moves. Although the
implementation is already reactive and based on memory, the authors encourage more
work so that a “good monitoring of the minimization process” can deliver precious
feedback about some crucial internal parameters of the algorithm.
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In Adaptive Simulated Annealing (ASA), also known as very fast simulated reannealing [84], the parameters that control the temperature cooling schedule and the
random step selection are automatically adjusted according to algorithm progress. If
the state is represented as a point in a box and the moves as an oval cloud around it, the
temperature and the step size are adjusted so that all of the search space is sampled at
a coarse resolution in the early stages, while the state is directed to promising areas in
the later stages.
A reactive determination of parameters in an advanced simulated annealing application for protein folding is presented in [76].
In [86] ASA is combined with genetic algorithms (GA) for system identiﬁcation
problems, where one develops mathematical models of a physical system and estimates
optimal parameter values by experimental means. The proposed algorithm (ASAGA)
exploits the ability of probabilistic hill-climbing of SA by deﬁning a mutation operator
based on ASA, thus improving the efﬁciency of the global search provided by the GA.

2.4

Reacting on the objective function

In the above methods, the objective function f remains the guiding source of information to select the next move. Reactive diversiﬁcation to encourage exploration of areas
which are distant from a locally optimal conﬁguration has been considered through an
adaptive selection of the neighborhood or the neighbor, based on the local situation
and the past history of the search process. A more direct way to force diversiﬁcation
is to directly prohibit conﬁgurations or moves to create a pressure to reach adequate
distances from a starting point.
This part considers a different way to achieve similar results, by reactively changing
the function guiding the local search. For example, visiting a local minimum may cause
a local increase of the evaluation function value so that the point becomes less and less
appealing, until eventually the trajectory is gently pushed to other areas. Of course,
the real objective function values and the corresponding conﬁgurations are saved into
memory before applying the modiﬁcation process. The physics analogy is that of pushing a ball out of a valley by progressively raising the bottom of the valley.
A relevant problem for which objective function modiﬁcations have been extensively used is maximum satisﬁability (MAX-SAT): the input consists of logic variables
— with false and true values — and the objective is to satisfy the maximum number
of clauses (a clause is the logical OR of literals, a literal is a variable or its negation).
The decision version is called SAT, where one searches for a variable assignment, if
any exists, which makes a formula true.
The inﬂuential algorithm GSAT [118] is based on local search with the standard
basic moves ﬂipping the individual variables (from false to true and vice versa). Different noise strategies to escape from locally optimal conﬁgurations are added to GSAT
in [116, 117]. In particular, the GSAT-with-walk algorithm introduces random walk
moves with a certain probability. A prototypical algorithm for modifying the evaluation function is the breakout method proposed in [101] for the related constraint
satisfaction problem. The cost is measured as the sum of the weights associated with
the violated constraints. Each weight is one at the beginning, at a local minimum the
weight of each violated constraint is increased by one until one escapes from the given
12
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local minimum (a breakout occurs). Clause-weighting has been proposed in [115] for
GSAT. A positive weight is associated with each clause to determine how often the
clause should be counted when determining which variable to ﬂip. The weights are dynamically modiﬁed during problem solving and the qualitative effect is that of “ﬁlling
in” local optima while the search proceeds. Clause-weighting and the breakout technique can be considered as “reactive” techniques where a repulsion from a given local
optimum is generated in order to induce an escape from a given attraction basin.
New clause-weighing parameters are introduced and therefore new possibilities for
tuning the parameters based on feedback from preliminary search results. The algorithm in [114] suggests to use weights to encourage more priority on satisfying the
“most difﬁcult” clauses. One aims at learning how difﬁcult a clause is to satisfy. These
hard clauses are identiﬁed as the ones which remain unsatisﬁed after a try of local
search descent. Their weight is increased so that future runs will give them more priority when picking a move. More algorithms based on the same weighting principle
are proposed in [63, 64], where clause weights are updated after each ﬂip: the reaction
from the unsatisﬁed clauses is now immediate as one does not wait until the end of
a try (weighted GSAT or WGSAT). If weights are only increased, their size becomes
large after some time and their relative magnitude will reﬂect the overall statistics of
the SAT instance, more than the local characteristics of the portion of the search space
where the current conﬁguration lies. To combat this problem, two techniques are proposed in [64], either reducing the clause weight when a clause is satisﬁed, or storing the
weight increments which took place recently, as obtained by a weight decay scheme
(each weight is reduced by a factor φ before updating it). Depending on the size of
the increments and decrements, one achieves “continuously weakening incentives not
to ﬂip a variable” instead of the strict prohibitions of Tabu Search. The second scheme
takes the recency of moves into account. This is implemented through a weight update
scheme where each weight is reduced before being possibly incremented by δ if the
clause is not satisﬁed:
wi ← φ wi + δ

with φ the decay rate and δ the “learning rate”. A faster decay (lower φ value) limits
the time horizon and implies that the old information will be forgotten faster. A critique
of some warping effects that a clause-weighting dynamic local search can create on the
ﬁtness surface is presented in [123]: in particular, the ﬁtness surface is changed in a
global way after encountering a local minimum. Points which are very far from the
local minimum, but which share some of the unsatisﬁed clauses, will also see their
values changed.
A more recent proposal of a dynamic local search (DLS) for SAT is in [124]. The
authors start from the Exponentiated Sub-Gradient (ESG) algorithm [113], which alternates search phases and weight updates, and develop a scheme with low time complexity called Scaling and Probabilistic Smoothing (SAPS). Weights of satisﬁed clauses are
multiplied by αsat , while weights of unsatisﬁed clauses are multiplied by αunsat . Then,
all weights are smoothed towards their mean w̄ with the formula w ← w ρ + (1 − ρ) w̄.
A reactive version of SAPS (RSAPS) is also introduced that adaptively tunes the
smoothing probability, which directly determines the level of search intensiﬁcation.
A similar approach of dynamically modifying the objective function has been pro13
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posed in Guided Local Search (GLS) [128, 129] for different applications. GLS aims
at enabling intelligent search schemes that exploit problem- and search-related information to guide a local search algorithm. Penalties depending on solution features are
introduced and dynamically manipulated to distribute the search effort over different
regions of a search space. A penalty formulation for the TSP, including memory-based
trap-avoidance strategies, is proposed in [130]. One of the strategies avoids visiting
points that are close to points visited before, a generalization of the strategy that prohibits only already-visited points from being visited again (the strict-TS policy mentioned in Section 2.1). A recent algorithm with an adaptive clause weight redistribution
is presented in [85]. It adopts resolution-based preprocessing and reactive adaptation
of the total weight to the degree of stagnation of the search.
Let us note that the use of a dynamically modiﬁed (learned) evaluation function is
related to the machine learning technique of reinforcement learning (RL). Early applications of RL in the area of local search are presented in [28, 29, 5]. Some recent RL
approaches for optimization are also discussed in [11, 54, 10].

2.5

Reactive schemes in population-based methods

Reactions are also possible in techniques involving more than one search stream, a.k.a.
population-based methods and evolutionary techniques, where one aims at using a set
of local search solvers. A methodology that blends combinatorial and continuous local
search has been recently proposed in [34]. Robustness is increased by using a portfolio of interacting and reactive search streams in different regions of the search space.
Collaborative RSO (CORSO) is a technique based on solving continuous optimization
problems by an intelligent and adaptive use of memory in a set of cooperating local
search streams. The knowledge acquired by one solver in a subregion of the search
space is shared among the entire population. Each individual stream then generates
samples within its district and decides whether a local search should be initiated in
coordination with the other solvers.
Knowledge sharing can be done in different ways. One possibility is represented by
Genetic Algorithms (GA) [100]: one deﬁnes a ﬁtness function and a population of individuals. Then at each iteration the ﬁttest individuals are selected for generating new
offspring by means of crossover and mutation . The main idea is that new individuals
inherit features from their parents and can discover improving solutions to the optimization problem. In this case there are several possibilities for introducing the RSO
techniques discussed previously: one can reactively adapt the selection, crossover and
mutation operators to the measured ﬁtness values of single individuals or the whole
population.
However, the way knowledge is shared in CORSO is more similar to that of Memetic
Algorithms (MA). This term was coined in [102] to describe any population-based approach including separate individual learning or local improvement procedures. In this
case there are many possibilities for reaction because one can use self-adaptive local
search techniques, such as RTS or VNS, to produce the members of the population.
A reactive evolutionary algorithm for the Maximum Clique Problem is proposed in
[32]. The authors demonstrate that the combination of the estimation-of-distribution
concept with RSO produces signiﬁcantly better results than evolutionary algorithms
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with guided mutation (EA/G) for many test instances and is remarkably robust with
respect to the setting of the algorithm parameters.
Another application of intelligent local search to evolutionary algorithms in the context
of multiobjective optimization is described in [88]. A memetic algorithm based on decomposition (MOMAD) treats a combinatorial multiobjective problem as a set of single
objective optimization problems and evolves three populations: one for recording the
current solution to each subproblem, one for storing starting solutions for Pareto local search, and an external population for maintaining all the non-dominated solutions
found so far during the search.
In addition to pure evolutionary techniques, one can also beneﬁt from the use of algorithm portfolios [80]. One runs a set of algorithms concurrently, in a time-sharing
manner, by allocating a fraction of the total resources to each of them. The number of
cycles allocated to each of the interleaved search procedures is dynamically determined
by using statistical models of the quality of solutions.
This can be done by using racing techniques. After the portfolio is started, one periodically estimates the future potential of a single algorithm given the current state of the
search, and assigns a growing fraction of the available future computing cycles to the
most promising algorithms. Racing algorithms can also be used online for parameter
tuning during the optimization of a single heuristic solver. The objective in this case is
not minimizing the total execution time but ﬁnding at each iteration the set of parameter conﬁgurations that will statistically provide the best solutions, deciding whether
to remove the worst conﬁgurations from further consideration or replace them with a
perturbed version of the best ones.
An Extreme Reactive Portfolio (XRP) has been recently proposed in [36]. This fast reactive algorithm portfolio is based on simple performance indicators such as the record
value and the number of iterations elapsed from the last record. The members of the
portfolio are ranked according to a combination of the two indicators and the worstperforming members are stochastically replaced with a new random searcher or a perturbed version of one of the best-performing members.
Other recent RSO and LION methods for local and global optimization problems can
be found in [53, 57, 109]. Another source of information and benchmarks is the
GENeralization-based challenge in global OPTimization (GENOPT)1 , whose ﬁrst edition was held in 2016 [19].

3

Applications of Reactive Search Optimization

It must be noted that Reactive Search Optimization is not a rigid algorithm but a general framework: speciﬁc algorithms have been introduced for unconstrained and constrained tasks, with different stochastic mechanisms and rules for selecting neighbors.
As it usually happens in heuristics, the more speciﬁc knowledge about a problem is
used, the better the results. Nonetheless, it was often the case that simple RSO versions could duplicate or improve the performance of more complex schemes, without requiring intensive parameter and algorithm tuning. A long-term goal of RSO is
1 http://genopt.org/
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the progressive shift of the learning capabilities from the user to the algorithm itself,
through machine learning techniques.
The RSO framework and related algorithms and tools have been and are being
applied to a growing number of “classical” discrete optimization problems, continuous
optimization tasks, and real-world problems arising in widely different contexts. The
Web, see for example Google scholar, lists thousands of papers, and the following list
is a selection of some applications that we are aware of. We are always happy to hear
from users and developers interested in RSO principles and applications.
In the following we summarize some applications in “classical” combinatorial tasks
in Section 3.1, where by classical we mean abstract deﬁnitions of problems which have
been extensively studied in the Computer Science and Operations Research community.
Then we present applications in the area of neural networks and clustering in Section 3.2, where RSO has been used to solve optimization problems related to machine
learning. It should be noted that the synergy between optimization and machine learning is explored in the opposite direction in this case, i.e., using optimization to solve
machine learning tasks.
We discuss versions of RSO for continuous optimization tasks in Section 3.3.
Finally, in Section 3.4, we list some applications to problems which are closer
to real application areas. These problems are of course related to their abstract and
clean deﬁnitions but usually contains more details and require more competence in the
speciﬁc area to make substantial progress.

3.1

Classic combinatorial tasks

The seminal paper about RSO for Tabu Search (Reactive Tabu Search) presented preliminary experimental results on the 0-1 Knapsack Problem, and on the Quadratic Assignment Problem [21]. A comparison with Simulated Annealing on QAP tasks is
contained in [22]. An early experimental comparison of Reactive Search Optimization with alternative heuristics (Repeated Local Minima Search, Simulated Annealing,
Genetic Algorithms and Mean Field Neural Networks) is presented in [23]. An application of a self-controlling software approach to Reactive Tabu Search is presented in
[56] with results on the QAP problem.
A reactive local search-based algorithm (adaptive memory search) for the 0/1Multidemand Multidimensional knapsack problem (0/1-MDMKP) is proposed in [3].
The 0/1-MDMKP represents a large class of important real-life problems, including
portfolio selection, capital budgeting, and obnoxious and semi-obnoxious facility location problems. A different application is considered in [77] for the disjunctively
constrained knapsack problem (DCKP), a variant of the standard knapsack problem
with special disjunctive constraints. A disjunctive constraint corresponds to a pair of
items for which only one item is packed.
A reactive tabu search algorithm for Minimum Labeling Spanning Tree is considered in [39, 40], together with other meta-heuristics. The problem is as follows: Given
a graph G with a color (label) assigned to each edge one looks for a spanning tree of G
with the minimum number of different colors. The problem has several applications in
telecommunication networks, electric networks, multi-modal transportation networks,
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among others, where one aims at ensuring connectivity by means of homogeneous
connections.
RSO is applied to the Maximum Clique Problem (MCP) in [14, 18], where a clique
is a subset of nodes which are mutually interconnected in a graph. The problem is
related to identifying densely interconnected communities and, in general, to clustering issues. A relaxed quasi-clique version of the problem where some edges may be
missing is addressed in [38].
A local search algorithm based on simulated annealing and greedy search techniques to solve the Traveling Salesman Problem (TSP) is proposed in [66]. Three
mutation strategies such as vertex insert (VI), block insert (BI) and block reverse (BR)
are used with different probabilities in an ASA scheme. Then greedy search is used to
reduce the convergence time of the algorithm.
A reactive tabu search for the vehicle routing problem with time windows is designed in [44], while a variant of the Vehicle Routing Problem with Backhauls (VRPB)
is considered in [50, 107].
Maximum satisﬁability is considered in [15, 16], reactive Scaling and Probabilistic
Smoothing (SAPS) in [124] and constraint satisfaction in [105]. Reactive local search
techniques for the Maximum k-Conjunctive Constraint Satisfaction Problem (MAX-kCCSP) are used in [17]. A worst-case analysis of tabu search as a function of the tabu
list length for the MAX-TWO-SAT problem is presented in [99], with applications also
to a reactive determination of the prohibition.

3.2

Neural networks and learning systems

While derivative-based methods for training from examples have been used with success in many contexts (error back-propagation is an example in the ﬁeld of neural
networks), they are applicable only to differentiable performance functions and are not
always appropriate in the presence of local minima. In addition, the calculation of
derivatives is expensive and error-prone, especially if special-purpose VLSI hardware
is used. A radically different approach is used in [24]: the task is transformed into a
combinatorial optimization problem (the points of the search space are binary strings),
and solved with the Reactive Search Optimization algorithm. To speed up the neighborhood evaluation phase a stochastic sampling of the neighborhood is adopted and
a “smart” iterative scheme is used to compute the changes in the performance function caused by changing a single weight. RSO escapes rapidly from local minima, it
is applicable to non-differentiable and even discontinuous functions and it is very robust with respect to the choice of the initial conﬁguration. In addition, by ﬁne-tuning
the number of bits for each parameter, one can decrease the size of the search space,
increase the expected generalization and realize cost-effective VLSI.
In [94] the well-known k-means clustering algorithm is augmented by using RTS to
escape from local optima. Centroids are updated by intensiﬁcation and diversiﬁcation
strategies based on prohibitions and adaptive neighborhoods.
In contrast to the exhaustive design of systems for pattern recognition, control, and
vector quantization, an appealing possibility consists of specifying a general architecture, whose parameters are then tuned through Machine Learning (ML). ML becomes a
combinatorial task if the parameters assume a discrete set of values: the RTS algorithm
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permits the training of these systems with a low number of bits per weight, low computational accuracy , no local minima “trapping” and limited sensitivity to the initial
conditions [12, 13].

3.3

Continuous optimization

A simple benchmark on a continuous function with many suboptimal local minima
is considered in [24], where a straightforward discretization of the domain is used.
A novel algorithm for the global optimization of functions (C-RTS) is presented in
[25], in which a combinatorial optimization method cooperates with a stochastic local minimizer. The combinatorial optimization component, based on Reactive Search
Optimization, locates the most promising search regions, where starting points for the
local minimizer are generated. In order to cover a wide spectrum of possible applications with no user intervention, the method is designed with adaptive mechanisms: in
addition to the reactive adaptation of the prohibition period, the bounding box of the
search region is adapted to the local structure of the function to be optimized (boxes are
larger in “ﬂat” regions, smaller in regions with a “rough” structure). An application of
intelligent prohibition-based strategies to continuous optimization is presented in [43].
A Reactive Afﬁne Shaker method for continuous optimization is studied in [31, 37].
The work presents an adaptive stochastic search algorithm for the optimization of functions of continuous variables where the only hypothesis is the pointwise computability
of the function. The main design criterion consists of the adaptation of a search region by an afﬁne transformation which takes into account the local knowledge derived
from trial points generated with uniform probability. Heuristic adaptation of the step
size and direction allows the largest possible movement per function evaluation. The
experimental results show that the proposed technique is, in spite of its simplicity, a
promising building block to consider for the development of more complex optimization algorithms, particularly in those cases where the objective function evaluation is
expensive.

3.4

Real-world applications

Reactive search schemes have been applied to a signiﬁcant number of “real-world”
problems; this term refers to applications where domain-speciﬁc knowledge is required. Rather than deﬁning classes with properties common to many problems, these
applications aim at the “pointwise” solution of a speciﬁc issue with detailed modeling,
therefore providing an essential benchmark for optimization techniques. Some of the
main applications include:
• Power distribution networks [125, 67, 106, 65, 87];
• Industrial production and delivery [44, 112, 58, 41, 42, 52, 59, 110];
• Telecommunication networks [8, 51, 95, 62, 77, 78, 9, 61];
• Vehicle routing and dispatching [132, 89, 4, 111];
• Industrial and architectural design [72, 71, 27];
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• Biology [92, 120, 119, 47].

4

Conclusion

This chapter provided an introduction to Reactive Search Optimization (RSO), a set
of techniques and tools that integrate machine learning into search heuristics for solving complex optimization problems. An immediate response to changes in the search
space, while alternative solutions are tested, is possible through the use of an internal
on-line feedback loop for the self-tuning of critical parameters. This corresponds to
the integration of those high-level skills often associated with the human brain, such as
the exploitation of the past experience, learning on the job, rapid analysis of alternatives, robustness to incomplete information and quick adaptation to new situations and
events.
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