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Feature Selection based on
the Neighborhood Entropy
Andrea Mariello, Member, IEEE, and Roberto Battiti, Fellow, IEEE

Abstract—In feature selection, a measure that captures nonlinear relationships between features and class is the Mutual
Information, which is based on how information in the features
reduces the uncertainty in the output. In this work we propose
a new measure that is related to Mutual Information, called
Neighborhood Entropy, and a novel ﬁlter method based on its
minimization in a greedy procedure. Our algorithm integrates sequential forward selection with approximated nearest-neighbors
techniques and locality-sensitive hashing (LSH). Experiments
show that the classiﬁcation accuracy is usually higher than
that of other state-of-the-art algorithms, with the best results
obtained with problems that are highly unbalanced and nonlinearly separable. The order by which the features are selected
is also better, leading to a higher accuracy for fewer features. The
experimental results indicate that our technique can be employed
effectively in off-line scenarios when one can dedicate more CPU
time to achieve superior results and more robustness to noise
and to class imbalance.

•
•

Filter methods ignore the interaction with the classiﬁer and
are usually faster than wrapper methods, so that they can
easily scale to very high-dimensional datasets. According to
the particular criterion used to obtain the relevance score,
different techniques are based on:
•
•
•
•
•

Index Terms—Feature evaluation and selection, Information
theory, Indexing methods, Machine learning.

E

embedded methods, which select the most relevant features during the model construction [7]–[10];
ﬁlter methods, which rank and select features by using a
proxy measure (relevance score) instead of the classiﬁer
error rate.

•

the Pearson correlation coefﬁcient [11], [12];
statistical tests like the t-test [13];
the Fisher linear discriminant [14];
the class of the nearest neighbors [15], [16];
the trace ratio criterion for graph-based Fisher and Laplacian scores [17];
the mutual information [5], [18]–[21].

The methods based on the correlation coefﬁcient capture linear
relationships between random variables but they cannot deal
with non-linear relationships. The methods based on the ttest and the Fisher linear discriminant require that the features
originate from a normal probability distribution. The mutual
information (MI) measures arbitrary dependencies between
random variables, and it is suitable for assessing the information content of features in complex classiﬁcation tasks.
Moreover, the MI measure does not depend on the particular
machine learning model or choice of coordinates.
This work proposes a new algorithm for ﬁltering features
that maximizes the MI between the selected subset and the
class variable and at the same time tries to minimize the
MI between the selected features. A new MI-related measure
is introduced, called Neighborhood Entropy, which can be
applied to multiple features, so as to overcome the limitation
of traditional pairwise MI estimators. Moreover, this measure
can be computed by using efﬁcient data structures for indexing
a dataset and some approximated techniques for reducing
the execution time in case of huge collections of data. The
proposed score does not involve the explicit estimation of
probability distributions or the computation of local and global
afﬁnity matrices of graph-based methods, and can be used with
features of integer or real values.
The structure of the remainder of this paper is as follows.
Section II describes in more detail some related work and
several concepts related to the use of Information Theory
for selecting features. Our algorithm and the proposed new
measure are presented in Section III. Section IV explains
how methods for ﬁnding approximated nearest neighbors and
locality-sensitive hashing (LSH) are used in our procedure.

I. I NTRODUCTION

XPLOITING huge collections of data is critical in many
applications of data mining and machine learning. However, when using such datasets in classiﬁcation tasks, one
faces the so-called curse of dimensionality: the number of
dimensions can become too high to get a good classiﬁer in
a reasonable time. In this context, dimensionality reduction
can help to:
• generalize better by using a smaller number of free
parameters and the most relevant information;
• avoid the so-called peaking phenomenon [1], that is, the
situation in which the classiﬁcation accuracy steadily
grows as the number of features grows until a point
is reached when adding new dimensions to the system
makes the classiﬁcation accuracy stable or even worse;
• understand the obtained machine learning systems, by
making them more interpretable by humans [2].
Dimensionality reduction can be achieved by extracting new
features (e.g. through projections [3]–[5]) or by selecting a
subset of the original features. In order to select the most
relevant features with respect to the output class, several
methods have been proposed. By considering the relationship
between feature selection and classiﬁcation algorithms, the
various methods can be classiﬁed into:
• wrapper methods, which use a predictive model and its
generalization performance to rank the features [6];
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Finally, Section V reports an experimental comparison of our
solution with respect to the state of the art. Experiments show
that classiﬁers trained on features selected by our technique
achieve a better accuracy with fewer features in noisy and
unbalanced contexts, at the expense of more computation time
during feature selection.

The initial uncertainty in the classes is measured by the
entropy:
Nc
�
Pr(c) log Pr(c).
(1)
H(C) = −
c=1

Deﬁnition 2 (Conditional Entropy): Let Dd be the set of all
possible values that the d-th feature can assume, 1 ≤ d ≤ D,
and call DC the set of the different classes. The average
uncertainty after knowing the d-th feature is the conditional
entropy, which is deﬁned as follows:

II. D ISTRIBUTION -I NDEPENDENT F ILTER M ETHODS
Let us ﬁx the notation and introduce some useful deﬁnitions.
N is the number of samples (points or patterns) in a dataset
and D the number of features (or dimensions). The set of
samples can be represented as a matrix F of size N × D.
Each sample is assigned a class (category or label) belonging
to the set {1, 2, . . . , Nc }. These values are collected in a class
vector C of size N . The d-th column vector of size N from
F, 1 ≤ d ≤ D, is the feature vector Fd .
The simpliﬁed notation Pr(x) indicates the probability of X
being equal to x, that is, Pr(X = x), and Fr(x) is its sample
estimator.

H(C|Fd ) = −

�

Pr(f )

f ∈Dd

Nc
�

Pr(c|f ) log Pr(c|f ).

(2)

c=1

Deﬁnition 3 (Mutual Information): The mutual information
(MI) between the class C and a feature Fd is deﬁned as
follows:
�
Pr(c, f )
. (3)
I(C; Fd ) =
Pr(c, f ) log
Pr(c) Pr(f )
c∈DC ,f ∈Dd

In general, the conditional entropy is less or equal to the
initial entropy and is equal if and only if the feature and the
output class are independent random variables. The mutual
information corresponds to the amount by which the entropy
decreases when the feature Fd is known:

A. RELIEF and RELIEFF
RELIEF [15] is a feature selection algorithm for binary
or continuous input data in classiﬁcation tasks. There are no
particular assumptions on the distribution of data, apart from
the hypothesis that similar samples tend to belong to the same
class. This assumption underlies most machine learning techniques, for different measures of similarity. RELIEF expresses
the importance of each feature by a weight in a D-dimensional
vector W , which is initialized to zero. Then the following
procedure is repeated an arbitrary number of times:
1) select at random a sample X from F;
2) ﬁnd the nearest neighbor that belongs to the same class
of X. This sample is called the near-hit of X, h(X);
3) ﬁnd the nearest neighbor that belongs to the class that
is different from the class of X. This sample is called
the near-miss of X, m(X);
4) update the d-th weight in W in the following way:

I(C; Fd ) = H(C) − H(C|Fd ).

(4)

Note that the mutual information is symmetric in C and Fd .
The so-called Infomax Principle [22] states that the MI is
indeed related to the accuracy of a learning system because of
Fano’s inequality [23].
Theorem 1 (Fano’s Inequality): Let the random variables X
and Y represent the input and the output messages of a noisy
channel. A receiver operates a function f (y) which, given the
received message y, tries to reconstruct the original input x
with x̂ = f (y). Let E be the binary random variable associated
with the event of an error, that is, E = 1 when, given the
channel’s output y, the result of the decoder x̂ is different from
the original input x. Then the following inequality holds:

Wd ← Wd − (Xd − hd (X))2 + (Xd − md (X))2 .

H(X|Y ) ≤ H(E) + Pr(E = 1) log(N − 1),

The weight of a feature increases if the near-hit is closer than
the near-miss and decreases otherwise. Then one can pick the
features with weights that are greater than a given threshold
or sort the features according to the weights and pick the ones
corresponding to the s biggest weights.
RELIEFF [16] is an improved version of RELIEF extended
to multi-class problems that updates the weights with the
average contribution of the k-near hits and the k-near misses
for each of the classes that are different from the class of the
random sample. As concerns the near misses, it averages the
contribution of each class, weighted with the sample estimator
of its prior probability.

(5)

where N is the number of different channel inputs.
By equating Y to a feature Fd , X to the class C, and
the function operated by the receiver f (·) to an algorithm for
classiﬁcation, then Pr(E = 1) can be seen as the error rate of
the classiﬁer. By (5), this probability has a lower bound that is
proportional to the conditional entropy H(C|Fd ). Therefore,
reducing this quantity, which corresponds to increasing the
MI, is a necessary condition to lowering the error rate and
building an effective classiﬁer. Unfortunately, the condition is
not sufﬁcient, because one needs a machine learning model
capable of extracting the available information content.
A naı̈ve strategy for selecting features according to their
MI is as follows. One computes the value of the MI between
the class variable and each individual feature. Then one
selects the features with the highest s values. We refer to
this method as Feature Selection based on the MI and the
criterion of Maximum Relevance (MR-MIFS), as in [24]. The

B. Feature Selection based on Mutual Information
This section presents some of the most successful approaches based on the mutual information, starting from [18].
Deﬁnition 1 (Entropy): Given a classiﬁcation task, denote by
Pr(c), c = 1, ...Nc the probabilities for the different classes.
2
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probabilities involved in the computation of the pairwise MI
can be estimated by using histograms as in [18], [19] or the
Kernel Density Estimation (KDE) as in [25].
Another procedure for feature selection is introduced in
[18]. The criterion used is that of minimum redundancy and
Maximum Relevance: the algorithm starts by selecting the most
relevant feature, according to the MI with the class, and then
it keeps adding features that are relevant but not redundant,
that is, having a high value of MI with respect to the class but
a low value of MI with respect to each individual feature that
has already been selected. This twofold objective is achieved
by maximizing the following quantity:
�
I(C; Fd ) − β
I(Fd , F � ),
(6)

distinct features from {F1 , F2 , . . . , FD }. S assumes values in
DS = Di1 × Di2 × · · · × Dim . To compute the MI according
to (3), the sum has to be taken over all possible values in DS .
The probability distributions for the computation of the MI
as in (3) are evaluated by using histograms and the relative
frequencies of each single value in DS .
A drawback of X-MIFS is the memory necessary to store
the frequencies for all the values in DS . As an example, with
binary features the number of these values is equal to 2|S| .
Another possibility for a fast evaluation of the MI by using
a certain level of approximation and an index with a smaller
memory footprint is given in [27]. The authors estimate the MI
between two continuous variables after making the hypothesis
that, for a given point, the distribution in its neighborhood
(within a sufﬁciently small radius) remains constant. They
propose two estimators based on the approximated k-nearest
neighbors retrieved from the space identiﬁed by the two
variables. These estimators can be also used to compute the
MI between multiple variables, but they cannot be used for
classiﬁcation, when one needs the MI between a numerical
feature and a categorical class, since there is no concept of distance among categories. Our technique evaluates an MI-related
measure with the same idea of approximated neighborhoods.
However, the search for the nearest neighbors is performed
only on the features, thus making our method suitable for
classiﬁcation.

F � ∈S

where β is a weight that regulates the trade-off between
relevance and redundancy, and S is the set of already-selected
features. For β = 0 the algorithm is equal to MR-MIFS.
A drawback of the previous procedure, namely mRMR-MIFS,
is that the second term in (6) can increase in magnitude with
respect to the ﬁrst term when the cardinality of S grows
[19]. Therefore, it can become predominant in the choice
of the next feature to select. Moreover, the algorithm needs
a proper value of the β parameter. In [20] an alternative
measure of redundancy is proposed, in which the parameter β
is substituted by an adaptive parameter that takes into account
the cardinality of the set S.
The method proposed in [21] selects features according to a
quadratic divergence approach, while the technique in [26]
uses ﬁxed approximated density models (derived from Gaussian models) to maximize upper bounds on the MI with the
class, without the evaluation of the joint behavior of the
selected features.
The relevance and redundancy criteria of mRMR-MIFS have
also been used in methods not based on the MI. A semisupervised method based on correlation has been recently
proposed in [12] and is called RRPC. The main difference
from mRMR-MIFS is the maximization of the following
quantity:
1 �
P(CL ; FLd ) −
P(Fd , F � ),
(7)
|S| �

III. NEFS: F EATURE S ELECTION BASED ON
THE N EIGHBORHOOD E NTROPY
The algorithm proposed in this work starts by selecting
features through a greedy procedure that maximizes the MI, as
in X-MIFS. To maximize (4), which is equivalent to (3), the
ﬁrst term in the equation (the class entropy) can be omitted
because it is constant. One is left with the minimization of
the conditional entropy H(C|Fd ), 1 ≤ d ≤ D. One of the
necessary conditions for a successful classiﬁer is that similar
points should belong to the same class, with the exception of
those points that are on the class boundary. If this assumption
holds true for a speciﬁc feature, then the uncertainty in
determining the class (the conditional entropy) should be very
small and the learning process can beneﬁt from considering
that feature. On the contrary, when for a speciﬁc feature the
class entropy is very high, the classiﬁcation accuracy cannot
improve by considering that feature (sometimes it can even
get worse).
A toy example is illustrated in Figure 1, with 100 points
drawn from a uniform distribution deﬁned on the unit square
[0, 1] × [0, 1] and with only 2 classes. In one case each class
is randomly assigned to one half of the points (see Figure 1a),
while in the other all the points with both of the coordinates
that are greater than 0.5 belong to one class and all the
remaining points belong to the other class (see Figure 1b).
In the ﬁrst case the conditional class entropy is maximum and
equal to the class entropy (log 2), and the features (X and Y )
cannot be used effectively for the classiﬁcation. In the second
case, the separation surface is completely deﬁned by the two
features, which are then relevant for the classiﬁcation since

F ∈S

where P(CL ; FLd ) is the Pearson correlation coefﬁcient between the class and a feature, which is computed only on the
labeled data, while P(Fd , F � ) includes also the unlabeled data.
The previous methods use a pairwise computation of the
chosen score, either between a feature and the class or between
two features. They account for relevance and redundancy
separately. The technique proposed in [19] is instead based on
a generalization of the MI to multiple features. The X-MIFS
algorithm evaluates the MI between the whole set of selected
features and the class, so as to add only those features that
are relevant when considered together. The main difference of
this approach is that it does not consider two one-dimensional
random variables as before (the class variable C and one
feature Fd ). It computes the MI between a one-dimensional
random variable (C) and a multidimensional random variable
S = (Fi1 , Fi2 , . . . , Fim ), where 0 < m ≤ D, consisting of m
3
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Fig. 2. NEFS: feature selection based on the Neighborhood Entropy (8).

(b)

Fig. 1. The Neighborhood Entropy evaluated for the case of high uncertainty
(a) is higher than the value retrieved for the case of low uncertainty (b).

maximizing the MI as in (3) or (4), since one can approximate
the conditional entropy in (2) with the following:
EN (S;k) [H(C|S)] ≈

their conditional entropy is minimum.
A possible strategy for evaluating the class entropy for a
speciﬁc feature without estimating probability distributions is
the following: one considers the class values of the samples in
the neighborhood of a point, computes the class entropy only
for those points and then takes the average over all the points
in the dataset. In the case of very high entropy (as in Figure
1a), the average uncertainty computed in this way remains
very close to the theoretical value of log 2. In the second case
(Figure 1b), for most of the points there is no uncertainty in
their neighborhood and the average conditional class entropy is
very close to 0. Therefore, one can use the conditional class
entropy evaluated on the neighborhoods of the points as a
relevance score for selecting the most informative features. It
is also worth noting that, even in the situation of non-uniform
distributions, the previous observations remain valid if one
considers neighborhoods with a ﬁxed number of neighbors instead of a ﬁxed radius. The concept of Neighborhood Entropy
is related to the previous motivations.
Deﬁnition 4 (Neighborhood Conditional Entropy): Given a
classiﬁcation task as deﬁned in Section II and a multidimensional random variable S, N (X; k) is the set of a point X,
which is an instance of S, and its k-nearest neighbors. Then
the relative frequency of a class c ∈ DC within N (X; k) is:
fk (c, X) = Fr(c|N (X; k)) =

�

Y ∈N (X;k)

N
1 �
H(C|N (X i ; k)) = NEk (C; S).
N i=1

The distinctive feature of the NE with respect to the MI
is that the former allows selecting features by maximizing
the MI with no need to estimate the feature probability
distributions directly. Instead it employs an adaptive estimator
of the class uncertainty by focusing only on the class values
in a neighborhood of a point. Our proposed strategy, called
NEFS, is reported in Figure 2. It is based on the same greedy
procedure used by X-MIFS: at each iteration the algorithm
selects the feature that minimizes the NE of the output variable
with respect to the union of that feature with the alreadyselected subset. The main difference is in the cost of evaluating
the NE (CNE ), which is related to the speciﬁc implementation
of the nearest neighbor algorithm. If i is the number of alreadyselected features at the iteration i+1, the CPU time complexity
of NEFS for selecting s features can be expressed as follows:
CNEFS

=

CNE

s−1
�
i=0

D − i = O(CNE Ds).

(9)

Since a crucial building block is a method to search for
neighbors, the next Section explores some of the most efﬁcient
techniques for searching the nearest neighbors, with particular
attention to Locality-Sensitive Hashing (LSH). LSH is the
chosen method in our proposal, since it is the fastest when
one can tolerate a certain level of approximation.

n(C = c, S = Y )
,
|N (X; k)|

IV. NEFS I MPLEMENTATION

with n(·) counting the occurrences of an event.
The k-Neighborhood Conditional Entropy (NE) of the class
variable C with respect to S is then deﬁned as follows:
NEk (C; S) = −

function NEFS(F ,C,k,s)
S ← ∅; R ← {F1 , F2 , . . . , FD }
repeat
ﬁnd F ∗ that minimizes NEk (C; S ∪{F }), ∀F ∈ R
R ← R \ {F ∗ }; S ← S ∪ {F ∗ }
until |S| = s
return S
end function

To evaluate the NE as in (8), one needs to search for the
k-nearest neighbors for each point in the dataset, by using
distances computed on spaces of varying dimensions. Let us
deﬁne the different problems related to searching for nearest
neighbors.
Assume a set F of N points deﬁned on a space M of D
dimensions, with a distance function dist : M × M �→ R+
0.
Deﬁnition 5 (k-Nearest Neighbors problem (k-NN)): Given
any point Q ∈ M, ﬁnd the points P1 , P2 , . . . , Pk ∈ F that
have the smallest, the second-smallest, . . . , the k-th smallest
distances to Q, respectively.
Deﬁnition 6 (�-approximated k-Nearest Neighbors problem
(�k-NN)): Given any point Q ∈ M and an approximation
factor � > 0, ﬁnd a set of points P1 , P2 , . . . , Pk ∈ F such

N
1 � �
fk (c, X i ) · log(fk (c, X i )), (8)
N i=1
c∈DC

where X i represents the i-th instance of S.
Note that our k has an effect similar to the bandwidth of
a kernel density estimator. Choosing a large k corresponds
to using wider kernels for approximating the distribution at a
point.
Selecting features by minimizing the NE is equivalent to
4
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that dist(Pi , Q) ≤ (1 + �)dist(Pi∗ , Q), i = 1, 2, . . . , k, with Pi∗
being the i-th true nearest neighbor of Q.
Let us make the hypothesis of having a dataset with
D < N < eD . This corresponds to having more samples
than features, with a very loose upper bound that can hardly
be reached in real non-trivial feature selection problems (all
the datasets used for the experiments except one fall into
this category). In this context, computing the distances for
each point is O(DN ). If one uses a min-heap for sorting,
building the heap with the N distances and then retrieving the
k smallest is O(N + k log N ). It is also required that k < N
(usually k � N ). Under the hypothesis of D < N < eD ,
which implies D > log N , the asymptotic complexity of
the algorithm that solves the k-NN problem is dominated by
the term relative to the computation of distances O(DN ).
However, since NEFS needs to ﬁnd the nearest neighbors of
each individual point in the dataset to estimate the NE, one is
actually faced with two other problems, deﬁned below.
Deﬁnition 7 (All k-Nearest Neighbors problem (A-k-NN)):
For each point Q ∈ F, ﬁnd its k-nearest neighbors
P1 , P2 , . . . , Pk ∈ F \ {Q}.
Deﬁnition 8 (All �-approximated k-Nearest Neighbors problem (A-�k-NN)): Given an approximation factor � > 0, for
each point Q ∈ F, ﬁnd its �-approximated k-nearest neighbors
P1 , P2 , . . . , Pk ∈ F \ {Q}.
The A-k-NN problem can be solved in O(DN 2 ) time,
because one can solve an instance of the k-NN problem for
each point in the dataset. With a ﬁxed D, the same problem can
be solved in O(N log N ) time by recursively building a tree
of neighboring boxes [28], [29]. However, these algorithms
have an exponential dependency on the number of dimensions,
with a worst-case running time of O((cD)D N log N ), for a
dimension-independent constant c.
In our context, one aims at solving the A-�k-NN problem,
so as to reduce the query time by tolerating a certain level of
approximation. Intuitively, retrieving approximated neighbors
corresponds to possibly using a larger radius for the neighborhood of a point. Depending on the particular dataset, if k is
sufﬁciently small, the retrieved points are still good indicators
of the class entropy near the query point. It is therefore
convenient to revert to some approximated techniques that
solve the A-�k-NN problem in O(DN α ) time, with α ≈ 1.
The main idea in this case is to build an index that groups
points in their approximated neighborhoods, before the actual
evaluation of distances. During the querying phase, the index
should help in discarding most of the points in approximately
constant time. Then one is left with the computation of the
distances and the search for the nearest neighbors among the
remaining points. In [30] the authors deﬁne a technique called
Locality-Sensitive Hashing (LSH) for the NN search. They
propose to hash the points in a dataset with particular hash
functions that ensure, with some probability, that points that
are closer to each other collide into the same bucket, while
distant points fall into different buckets. One can then retrieve
the list of candidates by looking at the points of the bucket
corresponding to the query point.
Other possibilities include space-partitioning schemes based
on regular grids, which work better with uniformly distributed

data, or clustering techniques such as the k-means algorithm,
which dynamically adapts to the dataset distribution [31].
However, the index building time grows signiﬁcantly compared to LSH (described in the next section), since in the
new scenario a clustering algorithm has to be run to ﬁnd the
partition.
The space can be also partitioned by using a k-dimensional
tree or kd tree [32], [33]. In general, kd trees are the preferred
choice for speeding up the exact NN search in low-dimensional
spaces but they can be as inefﬁcient as an exhaustive search
in case of high-dimensional spaces [31].
The NEFS algorithm is implemented together with the LSH
method, since it is the fastest and provides guarantees on the
accuracy of the results, as shown in the next Section.
A. Locality-Sensitive Hashing
Let us introduce some useful concepts about LSH derived
from the original paper [30].
Let dist be a distance function between elements of a set F
of N points deﬁned in a metric space M of D dimensions,
and for any point P ∈ F let B(P ; r) denote the set of points
that are within a distance r from P , according to dist.
Deﬁnition 9 (Locality-Sensitive Hash functions): A family
H of hash functions h(·) is called (r1 , r2 , p1 , p2 )-sensitive for
dist, with r1 < r2 and p1 > p2 , if for any couple of points
P, Q ∈ F:
• if P ∈ B(Q; r1 ) then PrH (h(Q) = h(P )) ≥ p1 ;
• if P ∈
/ B(Q; r2 ) then PrH (h(Q) = h(P )) ≤ p2 .
In NEFS, LSH is implemented with a family of dataindependent locality-sensitive hash functions that are suitable
for Euclidean spaces and are proposed in [34].
These hash functions are deﬁned as:
�
�
a·v+b
,
(10)
h(v) =
w

where w is a ﬁxed positive integer, b is randomly drawn from
[0, w] and a ∈ RD is drawn from a Cauchy distribution, in case
of a procedure using l1 -norm distances, or from a Gaussian
distribution, in case of l2 -norm distances. Since the guarantees
provided by LSH hash functions do not change when one uses
the l1 -norm instead of the l2 -norm, and one is interested only
in an approximated neighborhood, for the implementation of
NEFS we opted for the l1 -norm distance, which is faster to
compute. This can reduce the running time signiﬁcantly, since
the computation of a distance is one of the most frequent
operations of the procedure.
In the standard version of NEFS, a new LSH index is built
each time the NE between a set of features and the class
is evaluated. This happens O(Ds) times as reported in (9).
However, L new hash functions are generated only once for
each iteration of the loop in Figure 2, that is, when the
cardinality of the set of selected features changes. For each
iteration i = 1, 2, . . . , s the procedure generates L new hash
functions. For each function, it generates the scalar b and the
vector a ∈ Ri . This�corresponds to selecting a number of
s
coefﬁcients equal to i=1 (i + 1)L = O(Ls2 ).
The actual index construction is done every time a new feature
5

This is a pre-print version of the article accepted for inclusion in IEEE Trans. Neural Netw. Learn. Syst. with DOI: 10.1109/TNNLS.2018.2830700

Two different implementations of NEFS have been developed: in the ﬁrst version an LSH index is built each time the
NE is evaluated, by using only the current subset of features
involved in the NE computation. In the second version, which
we refer to as Single-indexed NEFS (SNEFS), the LSH index
is built only once on the D-dimensional space identiﬁed by all
the features. When the NE on a subset of features is evaluated,
at ﬁrst the procedure retrieves the neighbors of a point in the
full-dimensional space. Then a search is done for the nearest
neighbors among the candidates, after they have been projected
onto the reduced space. This idea originates from the fact that
neighbors in D dimensions are also neighbors in s dimensions,
with s < D, and one does not need the exact neighbors as well
as all the neighbors for estimating the class entropy near each
point. A further code optimization reduces also the time spent
for querying the index. While the NN search on the projected
candidates has to be done whenever the subset of features
changes, the (full-dimensional) candidate neighbors for each
point in the dataset do not change and can be retrieved only
once. If each candidate point is projected onto i + 1 features
for i = 0, 1, . . . , s − 1, the NN search for one point is still
O((i + 1)N 1/(1+�) ), with a total cost for solving the A-�k-NN
problems equal to O(N α Ds2 ). Accordingly, the complexity of
the modiﬁed procedure is:
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Fig. 3. First 3 iterations of NEFS on 17 two-dimensional points and k = 5.
The ﬁrst iteration selects the nearest neighbors of X1 . Since Xi , i = 2, . . . , 6
have already been considered, the second iteration selects the neighbors of
X7 . In this case X6 is selected again. The third neighborhood is that of X10 .

is considered. In this case, each iteration requires hashing each
point in the dataset L times by using (10).
The total number
�s−1
of iterations for building the indexes is i=0 D − i as in (9).
Since, for i = 0, 1, . . . , s−1, applying (10) is O(2i+3) and the
number of�hashed values is N L, the total
� cost of the building
�s−1
step is O N L i=0 (D − i)(2i + 3) = O(N LDs2 ). Once
the index has been built, the nearest neighbors for each point
in the dataset are retrieved by using the hash values of the
points to ﬁnd the promising candidates in each of the L hash
tables. Then the standard nearest neighbor search is performed
on the list of candidate points to ﬁnd the k-nearest neighbors
among them. As reported in [30], the time for one query on
D-dimensional points is O(DN 1/(1+�) ).
If i + 1 represents the number of features on which each index
is built for i = 0, 1, . . . , s − 1, retrieving the neighbors for
one point is O((i + 1)N 1/(1+�) ). Therefore the total cost for
solving the A-�k-NN problem for estimating the NE for all
the subsets of features is
�
�s−1
�
1/(1+�)
= O(N (2+�)/(1+�) Ds2 ).
O
(D − i)N (i + 1)N

CSNEFS = O(LD + N LD + N α Ds2 ) = O(Ds2 N α ). (12)

This modiﬁcation usually gives better results in terms of classiﬁcation accuracy and, even though the asymptotic complexity
remains equal to that of NEFS, it makes the actual running
time reduce signiﬁcantly, as shown in the next Section.
V. E XPERIMENTS
In this section, we report some experimental results1 obtained by comparing our method, with the two different
implementations NEFS and SNEFS, to RELIEFF, X-MIFS,
RRPC and mRMR-MIFS. The comparison is related to the
classiﬁcation accuracy of models learned by using the features
selected by the different algorithms. For a fair comparison, we
use the RRPC method in its original semi-supervised version
(RRPC SS), with 80% of (artiﬁcially) unlabeled data, as well
as in a completely supervised version (RRPC S). As concerns
1
to be consistent with the choice
mRMR-MIFS, we ﬁx β = |S|
made by RRPC in (7). For each algorithm and dataset, we
used:
• a Random Forest (RF) of 20 trees, with bootstrap and
the Information Gain split criterion;
• a Support Vector Machine (SVM) with a Radial Basis
Function (RBF) kernel;
• a k-Nearest Neighbors classiﬁer (kNN) with k = 4;
• a Multi-Layer Perceptron (MLP) with one hidden layer
of 20 neurons, the tanh activation function and early
stopping.
We used the implementation provided by the Python library
scikit-learn [35]. The method used for the optimization of
MLP weights is stochastic gradient descent (SGD), with

i=0

Consequently, if α = (2 + �)/(1 + �), the complexity of NEFS
can be expressed as follows:
CNEFS = O(Ls2 + N LDs2 + N α Ds2 ) = O(Ds2 N α ). (11)

Note that the last equality holds because, according to the
equations in [30], given a high probability of collision for
neighbors (e.g. 0.9) and a low probability of collision for
distant points, one has L ≈ N 1/(1+�) .
To reduce the time taken by the algorithm for the NN
queries, in our implementation the NE is evaluated on the
neighborhoods of points not already visited within the neighborhood of another point (see Figure 3). Then the average is
taken only on the visited points. This is equivalent to reducing
the number of estimators of the NE from N to roughly N/k.
The decrease in the running time of NEFS is proportional to k
(not equal because the index is still built with all the points in
the dataset to exploit as much information content as possible).
This modiﬁcation resembles the random selection of points in
RELIEFF, with the main difference being that the choice of
points is not random but guided by the points themselves.

1 All the experimental results are available as supplementary material at
http://lion.disi.unitn.it/∼mariello/nefs/ (accessed Apr. 2018)
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an adaptive learning rate to reduce convergence time. The
technique provided by the library is similar to the bold driver
method [36], with the addition of early stopping (ES) to
avoid overﬁtting. At each iteration, 20% of the training set
associated with one fold of cross validation is kept apart as
an ES-validation set. Starting from an initial value of 1, the
learning rate is kept constant as long as the training loss keeps
decreasing. Each time two consecutive epochs fail to decrease
the training loss or to increase the classiﬁcation accuracy
on the ES-validation set by a tolerance value, the current
learning rate is divided by 5. The highest accuracy is reached
by stopping after 100 iterations with an improvement in the
validation score less than 10−8 .
The tests were conducted on a 64-bit 8-core machine with a
CPU frequency of 2.3 GHz and a total of 4 GB of RAM.
Only a sequential implementation of all the algorithms was
tested. In particular, we developed our own code for NEFS,
SNEFS, RELIEFF, RRPC and mRMR-MIFS, while we used
the original implementation of X-MIFS developed by the
authors in [19].
Several benchmarks are taken directly from the UCI Machine
Learning Repository [37]. Two other datasets (SPAMBASE N
and SEGMENT N) are modiﬁed versions of the same datasets
in [37], taken from the KEEL dataset repository [38]. The
modiﬁed versions add a 20% noise level to the features
according to the schema proposed in [39].
We also use the CORRAL synthetic dataset [40], which
includes 6 features (A0, A1, B0, B1, I and C). The class is
deﬁned by (A0∧A1)∨(B0∧B1). I is randomly generated, and
C is highly correlated with the class, with 25% of error rate.
Moreover, another dataset (HYPERSPHERES) was generated
to test the algorithms against highly unbalanced binary classes,
deﬁned by non-linear relationships with a small subset of features (7 among 100). We generated 100-dimensional samples
normally distributed (with zero mean and unit variance) in the
space [−10, 10]100 . A class 1 was then assigned to samples
satisfying at least one of the following:
2
2
2
2
((X62 + X20
+ X53
+ X22
+ X87
) ≤ 100)
2

2

2

TABLE I
DATASETS USED FOR THE TESTS
Name

N

D

Nc

ABALONE

4177

10

28

ARRHYTHMIA

452

274

13

CORRAL

128

6

2

GAS

13910

128

6

HYPERSPHERES

5000

100

2

SEGMENT N

2310

19

7

SMK

187

19993

2

SPAMBASE N

4597

57

2

USPS

9298

256

10

for each dataset are reported in Table I.
For the tests on the HYPERSPHERES dataset, the classiﬁers
are trained on 7 features, 4 for CORRAL, while for the other
datasets 10 features are used. In this way one can see the
ability of the algorithms in selecting the best features as soon
as possible, independently from the highest level of accuracy
that they can reach with a customized threshold. Despite the
fact of selecting all the features, for ABALONE we make the
algorithms run without stopping prematurely. In each case all
the classiﬁers are validated by using a 10-fold cross validation.
The number of neighbors k was ﬁxed to 4 to obtain a more
precise approximation of the probability distributions, and
the number of iterations of RELIEFF was set to N/k to
make it comparable to our technique, after the description in
Section IV-A. For each dataset and feature subset we assess the
statistical signiﬁcance of the results by using the Friedman test
[43]. In the following, our ﬁndings are expressed in terms of
averages and standard errors and, unless otherwise noted, they
are statistically signiﬁcant with a signiﬁcance level α = 0.01.
For ABALONE there is no signiﬁcant difference among the
algorithms, which reach always a poor accuracy level (≈ 0.3)
because of the scarcity of samples in relation to the high
number of classes. For ARRHYTHMIA, X-MIFS and mRMRMIFS tend to perform slightly better than (S)NEFS with more
than 5 features, while RRPC and RELIEFF achieve slightly
worse results (see the supplementary material).
In the comparison with CORRAL, the algorithms do not
present statistically signiﬁcant differences in the average accuracy because of the very limited set of samples. However, the
techniques based on the nearest neighbors (NEFS, SNEFS and
RELIEFF) are able to select the 4 most relevant features most
of the times, while the others tend to select the less relevant
feature C as the ﬁrst one (see Table II).
In the case of GAS, the convergence rate is usually higher for
SNEFS. As an example, for the MLP there is an increase in
accuracy of 5.4% with respect to X-MIFS with 4 features (see
Figure 4a).
In the case of spam detection, the best classiﬁcation accuracy
(≈0.85) is reached by the RF trained on the features selected
by NEFS and SNEFS, as reported in Figure 4b. This accounts
for approximately a 3.7% increase with respect to RELIEFF,
14.9% compared to X-MIFS, and 25% for RRPC and mRMR-

∨

(((X10 − 8) + (X44 + 3) + (X53 − 5) ) ≤ 25),

where Xi is the value of the i-th feature of the sample X. With
this choice of parameters and features, among 5000 generated
samples we obtained nearly 1000 belonging to class 1, which
is represented by the union of points in two hyperspheres (5D
and 3D) with non-empty intersection. In this way one is able
to assess the behavior of the feature selection techniques in the
case of (known) complex dependencies between the features
and the class, within a very noisy context. As a case study of
D � N and N small, we also consider the SMK dataset [41].
This represents a worst-case scenario for our techniques and
RELIEFF, since they do not make use of all the samples for
each iteration and therefore can be seriously affected by the
scarcity of data. Finally, we compare the algorithms also on
the USPS dataset for handwritten digit recognition [42].
For each dataset, we removed the samples with missing values
and we transformed categorical variables into one-hot encoded
variables. The ﬁnal number of samples, features and classes
7
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TABLE II
M OST FREQUENTLY SELECTED FEATURES FOR THE CORRAL DATASET.
Method

TABLE III
A SYMPTOTIC TIME COMPLEXITIES .
NEFS/SNEFS

Rank
1st

2nd

3rd

O(DN α s2 )

4th

X-MIFS

C

A1

B1

B0

RELIEFF

B0

B1

A1

A0

SNEFS

B0

B1

A1

A0

NEFS

B0

A1

B1

A0

RRPC S

C

B0

B1

A1

RRPC SS

C

B1

A1

A0

mRMR

C

B0

B1

A1

RELIEFF

X-MIFS

RRPC S/mRMR

O(DN T )

O(DN s2 )

O(DN s2 )

A. CPU Time Models
To compare the algorithms in terms of the CPU time,
let us start from the complexity analysis of Section IV and
extend it to RELIEFF, X-MIFS and RRPC by considering
the asymptotic cost models with the explicit indication of the
dependency on the number of selected features s (whenever
possible), since most of the experiments used s � D.
As shown in [16], the cost of RELIEFF for T iterations is:

MIFS. Note that our techniques have better results even with
one or two features. We also compare the algorithms on
random subsets of SPAMBASE N, to show the robustness to
data scarcity of our NN-based estimators. As expected, the
estimation error is higher for all the compared algorithms and
the classiﬁcation accuracy is slightly lower. This is due to the
reduced amount of samples, which leads to higher variance
and generalization error. However, our techniques still lead to
generally better results, as reported in Figure 4c for N = D.
For SEGMENT N, NEFS and RELIEFF are not as robust
as with spam detection, especially with fewer features (see
Figure 5a). SNEFS instead leads to better generalization and
less overﬁtting, because it limits the construction of the index
to the set of all the features.
For HYPERSPHERES (see Figure 5b), none of the algorithms
is able to select all the 7 features used to generate the
class. However, it is evident that SNEFS and NEFS reach
signiﬁcantly higher values of accuracy, since they are able to
select 5 or 6 of the features needed in most cases. RELIEFF
and RRPC are clearly the worst, since they are not able to go
further than 1 or 2 relevant features. It is also worth noting
that the third feature selected by X-MIFS and mRMR-MIFS
corresponds most of the times to the 53rd feature in the dataset,
which is at the intersection between the two hyperspheres. This
explains why X-MIFS and mRMR-MIFS are slightly better
than the others with the ﬁrst 3 features. However, the effect
of the 93 noisy features becomes evident with more than 3
selected features and those methods lead to a classiﬁcation
accuracy up to 12.3% less than NEFS.
For USPS, X-MIFS achieves the best accuracy, followed by
SNEFS and mRMR-MIFS (see Figure 5c). RELIEFF and
RRPC provide worse results. This conﬁrms the robustness
of our techniques, which provide consistent results across
different domains by combining the features of NN-based
methods as well as MI-based methods.
For SMK, the scarcity of samples makes the estimators used
by all the methods suffer from higher variance, thus leading to
lower discriminative power and feature subsets that do not differ signiﬁcantly from each other. This, coupled with classiﬁers
that are not ﬁne-tuned to the speciﬁc dataset, explains also the
relatively low classiﬁcation accuracy. However, for the kNN
the highest level of accuracy is reached again by X-MIFS and
SNEFS with 5 features (see Figure 5d).

CRELIEFF = O(DN T ).

(13)

The X-MIFS algorithm follows the same greedy procedure
of NEFS. The only difference is the evaluation of the MI
instead of the NE. To compute the MI the procedure uses
a modiﬁed version of (3), in which the probability distribution functions are replaced by the estimators based on
multi-dimensional histograms. The implementation of X-MIFS
includes the binarization of the features, so |DS | = 2|S| . For
each subset, the procedure estimates the joint and marginal
probability distributions through a linear traversal on all the
points. The summation in (3) is also linear in 2|S| Nc . Therefore, the worst-case time complexity of X-MIFS for selecting
s features is:
�s−1
�
�
i+1
CX-MIFS = O
(D − i)[N (i + 1) + 2 Nc ] .
(14)
i=0

By using appropriate data structures to exploit the sparsity of
the bins, as reported in the original work, and under the same
hypotheses made in Section IV, the time spent on the traversal
of the histograms can be reduced signiﬁcantly, and the cost of
X-MIFS becomes O(Ds2 N ).
For RRPC one can compute the correlation in linear time
with respect to the number of samples. The worst case is
the supervised scenario, in which the cost of computing the
correlation is always O(N ). At each iteration, one needs
O(|S|) operations to compute (7) and update the maximum.
The complexity is then:
�s−1
�
�
CRRPC S = O
(D − i)iN = O(Ds2 N ).
(15)
i=0

By using similar arguments, it can also be shown that the
complexity of mRMR-MIFS is equal to that of RRPC. A
summary of the asymptotic costs of all the algorithms is
reported in Table III.
As concerns the scalability of the different implementations,
in Table IV we report the least-square linear models of the
running time with respect to the size of the dataset DN . s is
ﬁxed to 10, T to N/4 and � to 15. It is evident that X-MIFS is
the fastest. This can be explained if one considers that X-MIFS
is applied on binary features and the current implementation
is very efﬁcient and uses bitwise operators. RELIEFF, RRPC
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(a)

(b)

(c)

Fig. 4. The classiﬁcation accuracy for the MLP on GAS (a), and for the RF on SPAMBASE N (b) and on a small random sample of SPAMBASE N (c).

(a)

(b)

(c)

(d)

Fig. 5. The classiﬁcation accuracy for the SVM on SEGMENT N (a) and on HYPERSPHERES (b), for the RF on USPS (c), and for the kNN on SMK (d).

Information between the features and the output variable.
The locally-optimal subset of features is selected by using
a greedy procedure and the LSH index for nearest neighbors. We compared our algorithm with some of the most
effective methods for selecting features based on MI, nearest
neighbors and correlation. The experimental results show
that our technique, in particular the SNEFS implementation,
usually leads to superior classiﬁcation accuracy, at the expense
of more computation time. As an example, in the case of
spam detection our techniques achieve an accuracy ≈ 25%
higher than that of recent algorithms based on the correlation
coefﬁcient. A better robustness to noise and to class imbalance
is also empirically demonstrated. Moreover, in the context of
non-linearities between the features and the output variable,
SNEFS tends to select features with a better order, leading to
a better classiﬁcation accuracy for fewer features.

TABLE IV
CPU T IME L INEAR M ODELS .
Method

Coefﬁcient

Intercept

X-MIFS

4.8 × 10−7

−0.144

1.02 × 10−5

16.6

RELIEFF
SNEFS
NEFS
RRPC S
RRPC SS
mRMR

1.14 ×

10−6

2.61 × 10−4
3.8 ×

10−6

3.2 × 10−6

1.57 × 10−6

1.21
257

−0.521
−0.489
−0.152

and mRMR-MIFS are also fast. NEFS is the slowest because
of the cost paid for the construction of multiple indexes as
well as the high frequency of nearest neighbors searches.
RELIEFF instead updates the entire weights vector for each
iteration, thus reducing the number of searches for the nearest
neighbors. SNEFS is slower than most of the other methods
but signiﬁcantly faster than NEFS. Therefore, when robustness
to noise and to class imbalance is a key requirement, SNEFS
is a valid choice because it tends to provide better results in
a reasonable amount of time.
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